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ABSTRACT
Aspects of of plane wave electromagnetic scattering by a radially inhomogeneous sphere is discussed. The vector
problem is reduced to two scalar radial ‘Schrödinger-like’ equations, and a connection with time-independent potential
scattering theory is exploited to draw several conclusions about specific refractive index profiles.
1. Introduction
The refractive index nr (which may be complex) is a function of the radial coordinate only, and the sphere has
radius a. For r > a, nr ≡ 1. A time-harmonic dependence of the field quantities, exp−iωt is assumed
throughout. The governing equation for the electric field Er,θ,φ is
∇ × ∇ × E − k2n2rE = 0.     (1)
The wavenumber k is 2π/λ, λ being the wavelength. As shown in [1], the solution may be found by expanding the
electric field in terms of vector spherical harmonics in terms of the so-called transverse electric (TE) and transverse
magnetic (TM) modes, respectively:
M l,mr,θ,φ = e
imφ
kr SlrXl,mθ,
Nl,mr,θ,φ = e
imφ
k2n2r
1
r
dTlr
dr Yl,mθ +
Tlr
r2
Zl,mθ .
    (2a)
    (2b)
The vector angular functions in equations (2a,b) are defined in a spherical coordinate system as
Xl,mθ = 〈0, iπ l,mθ,−τl,mθ〉,
Yl,mθ = 〈0,τl,mθ,−iτl,mθ〉,
Zl,mθ = 〈ll + 1P lmcosθ, 0, 0〉,
    (3a)
    (3b)
    (3c)
where P lmcosθ is an associated Legendre polynomial of degree l and order m. The corresponding scalar angular
functions are defined as
π l,mθ = m
sinθ P l
mcosθ,
τl,mθ =
dP lmcosθ
dθ .
    (4a)
    (4b)
The functions Slr and Tlr are called the radial Debye potentials, and they respectively satisfy the equations
d2Slr
dr2
+ k2n2r − ll + 1
r2
Slr = 0,
d2Tlr
dr2
− 2
nr
dnr
dr
dTlr
dr + k
2n2r − ll + 1
r2
Tlr = 0.
    (5a)
    (5b)
In addition to the appropriate matching conditions at r = a these potentials must also satisfy the boundary conditions
Sl0 = 0 and Tl0 = 0. Equation (5b) may be rewritten in terms of the dependent variable Ulr, where
Tlr = nrUlr to become
d2Ulr
dr2
+ k2n2r − nr d
2
dr2
1
nr
− ll + 1
r2
Ulr = 0.     (6)
Provided that n0 ≠ 0, Ul0 = 0. Both equations (5a) and (6) may be placed in the form of the canonical
time-independent Schrödinger equation, namely
d2Slr
dr2
+ k2 − VSr − ll + 1
r2
Slr = 0,
d2Ulr
dr2
+ k2 − VUr − ll + 1
r2
Ulr = 0,
    (7a)
    (7b)
where the k-dependent ‘scattering potentials’ VSr and VUr are defined in 0, a as
VSr = k21 − n2r,
VUr = k2 1 − n2r + nrk2
d2
dr2
1
nr
.
    (8a)
    (8b)
for the TE and TM modes respectively (the potentials are both identically zero for r > a). These potentials are identical
for the case of a uniform refractive index. VUr will be regarded as a small perturbation of the potential VSr, so we
also define
r ≡ VUr − VSr = nr d
2
dr2
1
nr
.     (9)
It is a standard result for potentials vanishing sufficiently fast at infinity [2–4] that as r → ∞
Slr ∼ sin r − πl2 + δl
Sk ,
Ulr ∼ sin r − πl2 + δl
Uk .
    (10a)
    (10b)
Here δl
Sk and δlUk are the phase shifts induced by each potential respectively. Multiplying equations (7a) and (7b)
by Ulr and Slr respectively, subtracting and integrating we obtain
Ulr
dSlr
dr − Slr
dUlr
dr = −∫0
r
ηSlηUlηdη.     (11)
Utilizing the asymptotic expressions in (10), we have, in the limit as r → ∞,
k sinδlUk − δlSk = −∫
0
∞
rSlrUlrdr = −∫
0
ka
rSlrUlrdr,     (12)
since nr is constant for r > ka (or r > a. Thus far this equation is exact. If we now consider r to be sufficiently
small that Ulr ≈ Slr, then |δlUk − δlSk| << 1 and we have the relation
δl
Uk ≈ δlSk ± 1k ∫0
ka
rSlr2dr.     (13)
Whether δl
Uk > δlSk or not clearly depends on the concavity of nr. A further approximation can be made if the
scattering potential VSr is constant (specifically, VS = k21 − N2 for n = N, r ≤ a), for then the solution for
equation (7a) can be expressed in terms of a Riccati-Bessel function of the first kind, i.e.
Slr = πNkr2
1/2
J l+1/2Nkr.     (14)
Then we have that (check!)
δl
Uk ≈ δlSk ± πN2 ∫0
a
nr d
2
dr2
1
nr
J l+1/2Nkr2rdr ≡ δlSk ± πN2 Ia.     (15)
In the case of a small perturbation about VS = 0, i.e. for which n = N = 1, the term δlSk in equation (15) is zero,
and the resulting approximation for δlUk is related to the first Born approximation in quantum scattering theory [5]. In
particular, if r = Dr−s, D being some constant, a closed form solution for I can be found as a → ∞ [4], namely
I∞ = ∫
0
∞
J l+1/2Nkr2r1−sdr = 12
Nk
2
s−2 Γs − 1Γ l − 12 s +
3
2
Γ 12 s
2
Γ l + 12 s +
1
2
,     (16)
provided s > 1 and 2l > s − 3. The question may be asked: what nr profiles give rise to r = Dr−s (where
D > 0)? Writing pr = nr−1 we are led to consider solutions of the equation
rs
d2pr
dr2
− Dpr = 0.     (17)
The general solution to this equation may be expressed in terms of modified Bessel functions, but we do not pursue this
direction here.
A Liouville transformation
As defined in equations (8a) and (8b), the ‘potentials’ VSr and VUr are also k-dependent, which is not the case in
potential scattering theory [3]. This has an important consequence: unlike the quantum mechanical case, here pure
‘bound state’ solutions, that is, real square-integrable solutions corresponding to k2 < 0 (Im k > 0 do not exist. This
can readily be proven [5,6] for the TE mode (equation (7a)) that
∫
0
∞ dSlr
dr
2
+
ll + 1
r2
|Slr|2 dr = k2 ∫
0
∞
n2r|Slr|2dr.     (18)
This cannot be satisfied for k2 < 0 for a real and positive refractive index nr. In [7] the corresponding result is
established from equation (7b) for Ulr. Furthermore, a Liouville transformation may be used to define a new
k-independent potential [5]. Using the following simultaneous changes of independent and dependent variables in
equation (5a)
r → ρ : ρr = ∫
0
r
nsds,
ul → ψl : ψlρ = nr1/2ulr.
    (19a)
    (19b)
Clearly nr must be integrable and non-negative (in naturally-occurring circumstances n ≥ 1 and nr = 1 for
r > a); also ρ0 = 0. It is easy to establish the following results:
i ρr = ρ0 + r − a, r ≥ a, where ρa = ∫
0
a
nsds;
ii ρr ∼ r, r → ∞;
iii rρ = ∫
0
ρ ds
vs
, where vρ = nrρ.
Furthermore, by applying (19a) and (19b) to equation (7a) we find that
d2
dρ2
− ll + 1
R2ρ
+ k2 ψlr = Vρψlρ,     (20)
where
Rρ = vρrρ ∼ n0ρ, ρ → 0, and Vρ = vρ−1/2 d
2
dρ2 
vρ1/2.     (21)
Clearly vρ should be at least twice differentiable. Now the new ‘potential’ Vρ is independent of the wavenumber
k. Note also that Vρ = 0 for ρ > ρa. It is of interest to determine the ‘shape’ of the potential Vρ by inverting
ρr for various choices of physical nr profiles for r ∈ 0, a (with n0 = n0, na = na and nr = 1 for
r > a). In what follows only the non-zero potential shapes with be stated (corresponding to ρ ∈ 0,ρa . Thus [5] for
nr = na 1 − c2 r − aa
2 −1; Vρ = c
2
na
2 > 0,     (22a)
where c is a real constant, i.e. the potential is a spherical barrier. For the profile [8]
nr = A + Br−1, A = n0−1, B =
n0 − na
an0na
; Vρ = B
2
4 > 0,     (22b)
also a barrier. For the important Maxwell Fish-Eye profile [9],
nr = n01 + Br2−1, B = n0 − na
a2na
; Vρ = − B
n0
2 .     (22c)
In this case, the new potential is a spherical well or barrier as n0 > na or n0 < na respectively. In the latter case the
singularity occurring in nr is moot since it arises for r > a. In all the other cases investigated thus far [10], including
nr = n0 exp−αr; n0 cosαr and n0 coshαr, the potentials Vρ are rather complicated functions, and there are
no significant advantages to using the Liouville transformation in these cases. It is therefore of interest to examine what
profiles nr give rise to constant potentials Vρ. In equation (21) let yρ = vρ1/2 and Vρ = V0, where V0
is a constant of either sign. Then it follows that
d2y
dρ2
− V0y = 0,     (23)
the general solution being expressible in terms of real or complex exponential functions as V0 > 0 (potential barrier) or
V0 < 0 (potential well) respectively. In r-space, V0 < 0 corresponds to a constant refractive index
n = N = 1 + |V0 |k−21/2 > 1, so we proceed with this physically realistic case. Writing the general solution of (23)
as
yρ = C cos |V0 |1/2ρ + η ,     (24)
where C and η are constants, it follows that
rρ = ∫
0
ρ ds
vs
= C2|V0 |1/2 −1 tan |V0 |1/2ρ + η − tanη .     (25)
This can be inverted to yield
ρr = ∫
0
r
nsds = |V0 |−1/2 arctan C2|V0 |1/2r + tanη − η .     (26)
Therefore
nr = ρ ′r = C
1 + Br + tanη2
,     (27a)
where C = n0 sec2η and η can be determined from the requirement that na = na. This is a generalization of the
Maxwell Fish-Eye profile in equation (22c). The corresponding result for V0 > 0 is
nr = C
1 − Br + tanhη2
.     (27b)
Note that in this case a singularity exists for r > 0 at r = B−11 − tanhη.
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